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Let X’ be either the space Xi of distributions of exponential growth or the 
space Y’ of tempered distributions, and let 0~(2’?’ : 2’) be the space of convolu- 
tion operators in %‘. In each case 2’ is the dual of a space .X of Cm-functions 
which are in 0;7(2’ : %‘). We establish necessary and sufficient conditions on 
the Fourier transform 3 of S E Ok(2’ : 2’) m order that every distribution 
u E 0;7(%’ : %‘) with S * u E 2 be in .%. If &’ = Xi , the condition is equivalent 
to&s*%;=.%-*I. 
Let 2-i be the space of distributions of exponential growth and 9” the 
space of tempered distributions in R”; 2-i and 9’ are the duals of the spaces 
s, and Y’, which we describe later. We denote by 6$(X;: 3-i) and O&(9’: 9”) 
the spaces of convolution operators in 2-i and Y’, respectively. 
In [5] we proved that, if S is a distribution in 0:(X;: .X;) and S is its Fourier 
transform, the following conditions are equivalent: 
(a) There exist positive constants N, Y, C such that 
(b) S* Z; = 2”; . 
The problem of characterizing, in a similar way, those distributions 
SE 0;7(9”: Y’) for which S * Y’ = 9” is still open and seems to be more 
difficult. 
In this paper we first prove the following theorem, which complements our 
previous result mentioned above. 
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THEOREM 1. For a distribution S E 6$(X;: 3”;) conditions (a) and (b) are 
equivalent to 
(c) If~EO;I(~;:~I)undS*uE~~,thenzlE~~. 
Next we consider the conditions corresponding to (a) and (b) for convolution 
operators in Y’. This leads us to our second theorem. 
THEOREM 2. If S is a distribution in 0:(9”: 9”) and 3 is its Fourier trans- 
form, then the following conditions are equivalent: 
(a’) For every integer k there exists an integer m > 0 and constants CL, M 3 0 
such that 
(c’) If u E OL(9”: 9”) and S * u E Y, then u E 9’. 
As might be expected, conditions (a’) and (c’) follow from 
(b’) S * 9’ = 9”‘. 
However, the converse implication is not true since condition (a’) does not 
restrict the order of the zeros of S. In this connection we make the following 
conjecture. 
Conjecture. If S is a distribution in Ok(Y’: Y’) and the order of the zeros 
of its Fourier transform S is bounded, then conditions (a’) and (c’) are equi- 
valent to (b’) 
Before presenting the proofs of our theorems we recall briefly the basic facts 
about the spaces Xi and 9”; for the proofs we refer to [3, 6, 71. 
The space 3-i . Let Xi be the space of all Ca-functions 91 in R” such that 
v,(v) = sup eklsl 1 &2(x)1 < 03, k = 0, l,..., 
la~<k.z:~R~ 
where Da = Dyl 02 and Dj = i-‘(a/ax,). Provided with the topology defined 
by the seminorms vk, Xi is a Frechet space. 
The dual %-; of Z, is the space of distributions of exponential growth. A 
distribution is in 2-i if and only if it is a derivative of some order of a continuous 
function f in R” such that 
f(x) = O(eklzl) as ixI+ah 
for some k. ZX?; is endowed with the topology of uniform convergence on all 
bounded sets in Xi . 
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If u E Xi and q~ E X, , then the convolution u * q~ is a Cm-function defined by 
where (u, ‘p) = u(v). 
The space 0L(X;: .X;) of convolution operators in A?; consists of distribu- 
tions S E Xi satisfying one of the equivalent conditions: 
(i) Given any k = 0, I,..., S can be represented in the form 
where fe , i 01 / < m, are continuous functions in Rn such that 
fa(x) = O(e-7clrl) as 1xj+co. 
(ii) For every y E X1 , S * g, is in X1 . Moreover, the mapping q~ + S * y 
of Yr into X, is continuous. 
If S E 0L.Z;: ,X;) and S is obtained from S by symmetry with respect to the 
origin, i.e., (S, v) = (S, , +x)), v E X1 , then S is also in UL(%;: LX?;). The 
convolution of S with u E Xi is then defined by 
(S * u, v> = (u, 3 * v>, YJEK. (1) 
For 9 E X1 , the Fourier transform 
$43 = f e-i(Wp(~) dx 
R" 
can be continued in C” as an entire function of 5 = [ + iq such that 
Wk($> = sup (1 + I 5 I)” I $(<)I < 00, k = 0, I,.... (2) 
C-Z’InI<k 
If Kr is the space of all entire functions with the property (2) and the topology 
in Ki is defined by the seminorms wk , then the Fourier transformation is an 
isomorphism of X1 onto K1 . 
The dual K; of K1 is the space of Fourier transformations of distributions in 
L%?: . For u E 9-i) the Fourier transform zi is defined by the Parseval formula 
(4 $3 = cw” < u, , P(-4). 
The Fourier transform S of a distribution S E @>(A?;: K1) is a function which 
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can be continued in C” as an entire function with the following property: For 
every k = 0, I,..., there exists I = 0, l,..., such that 
sup I $3I (1 + I 5 I)-” < 0. (3) 
6Ec:lTJl<k 
Also, if SE 0L(X;: ~7;) and u E Xi , we have the formula 
where the product on the right-hand side is defined by (Sz& x) = (22, Sx), 
XE%. 
The space Y’. The spaces Y’, Y’ and Ob(Y: 9’) can be described in the 
same way as the spaces Z, , Xi and O~(L%?;: .X;), respectively, except that eklrl 
has to be replaced by (1 + 1 x 1)“. F or example, Y is the space of all P-func- 
tions in Rn such that 
k = 0, l,.... 
The Fourier transformation is now an isomorphism of Y onto Y. Thus the 
Fourier transform of a distribution in Y’ is agian in Y’. 
The Fourier transform S of a distribution SE 0;7(csP’: 9’) is a Cs-function 
with the following property: For every multi-index 01 there exists I = 0, I,..., 
such that 
DmS(t) = O((1 + I 6 I)“) as l5l+a. 
We denote by O&Y’: 9’) the space of all P-functions with the above property; 
they are the multiplication operators in 9’. 
Proof of Theorem 1. Since (a) 3 (b) it suffices to prove that (b) 3 (c) 2 (a). 
(b) 3 (c). If S is a distribution in Ub(X;: Xi), then so is T = S and, by 
(l), the mapping S*: u + S * u of Xi into Xi is the transpose of the mapping 
T*: g, + T * v of X, into Z, . Condition (b) is satisfied if and only if T* is an 
isomorphism of Xi onto T * Xi (see e.g., [I, Corollary on p. 921). In particular 
the inverse of T*, i.e. the mapping T * p -+ q must be continuous. 
Suppose now that 
s*u=p 
where u E 0);7(%;: ,X;) and v E X1 . Then 
T*ii=(-I)“+ (4) 
and for the proof it suffices to show that 6 E-X, . If y is a P-function with 
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supp y C B(0, 1) = {x: 1 x 1 < l} and jRn y(x) dx = 1, we define y*(x) = 
lPy(kx), K = 1, 2 ,.... From (4) it follows that 
T*(Zi*y,) =(-l)flpi*yk, 
and the convolutions ir * yk and (- 1)” + * yk are in XI . Moreover, the 
sequence {rJ converges in cOL(X;: .X;) to 6, the Dirac measure at the origin. 
Hence(--l)“+*yk+(-l)n+ in XI and u’*yk--zzi in&(X~:&).Onthe 
other hand the sequence (6 * yk) converges in XI , by the assumption that the 
inverse of TX is continuous. The limit must be agian 6, and so u’ is a function 
in XI . 
(c) =E- (a). Let 9 be th e space of all functions u E C(Rn) such that 
sup ek/Zl 1 U(X)/ < co, for all k, 
XERn 
and S * u E X, . We provide 9 with the topology defined by the seminorms 
11 24 Ilk = sup e+ 1 U(X)l + v,(S * U), K = 0, l,.... 
3ZR++ 
Then g becomes a FrCchet space. 
Further, let 9 be the space of all functions zc E Cl(R”) such that 
II u II = suPP I Da441 < co; 
larl<l,seRn 
with the norm II I] , 99 is a Banach space. 
By the assumption, each function u ~9 is in 9. Also, the natural mapping 
9 -+ 9 is closed and therefore continuous. Consequently there exist a integer 
p > 0 and a constant C such that 
for all u E 9. Since the Fourier transformation is an isomorphism from x, onto 
Kr , there exist another integer v > 0 and a constant C’ such that 
for all y E Z, . (5) 
By (3), S satisfies the condition 
sup I ~(01 (1 + I t: I)-“’ -=c 03 (6) 
LEC”*/nI<v 
where 5 = f + z+ and N’ is an integer 20. 
548 SZNAJDER AND ZIELEZNY 
We pick a number a so that 
a > cc(v + N’) (7) 
where N’ is the constant in (6). Next we choose a C”-functions 4 >, 0 with 
supp # C B(0, 1) and jRn 4(x) dx = 1. Its Fourier transform $ has the Paley- 
Wiener property (see, e.g., [4, Theorem 1.7.7]), i.e., for any N”, 
. 
sup(l + I 5 Iy” I &<>I e-in’ < a. 
iECn 
In particular there exist numbers b, h > 0 such that 
(1 + I 5 I) I &5)l -c e- ‘, when lrll<v and 15 / > h. (8) 
and 
I $VJl < eb, when 1 7 1 < (h2 + vy. (9) 
We define the functions JR by 
bkC0 = &r;>1”~ I2 = 1, 2,... . 
Then 
k times 
and therefore t,& is a nonnegative, Cm-function with supp I+& C B(0, k) and 
JR” &(x) dx = 1. 
Suppose now that condition (a) is not satisfied. Then for 
r c (p + “y/2 and N > b/p + v 
there exists a sequence {& C RR” such that / J I --f co and 
(11) 
We choose the constant A so that 
(v + N’)/a < A < l/p; w 
this is possible because of (7). Further, if 
kj = E[A log(2 + I j5 I)], (13) 
where E[h], h E R, is the integral part of A, we consider the functions yDj whose 
CONVOLUTION OPERATORS IN c%; AND 9’ 549 
Fourier transforms are defined by &(c) = Jkl({ - &). Then p)j(x) = 
i/~~i(x) eixx*@, and therefore 
Since supp ‘pj C B(0, Kj) and because of (13) we also have 
sup e+ 1 p?i(x)/ = sup eU12/ 1 #ki(x)I 
XERn XERn 
(15) 
But 
and I jE I//Q -+ co asj--+ co. Thus, making use of (12) (14) and (15), we obtain 
We now prove that 
lim wy(~~j) = 0, 
j+m (17) 
which, combined with (16) contradicts the inequality (5). 
In view of (9), (IO), (ll), and (12), we have 
sup (1 + I5 I)” I ~ojm 
I77’<U.lf-jEl<h 
< sup (1 + I 5 I)” I S(5) AG)I 
IC-jf14T 
G (1 + I iE I + rY (1 + Id I)-” ebkj 
< (1 + I jt I + y)” (l + I j4 I)-” C2 + I if IY” 
(18) 
and the last term converges to 0 as j-t co, because of (10). 
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On the other hand, from (6) and (8) it follows that 
< c” sup (1 + 1 5 + & I)v+N’ (1 + I 5 I)-“j eeakj, 
I4QJa>h 
where C” is a constant. If k, > v + N’, we apply the inequality 
1 + I5 + jE I < (1 + I 5 I> (1 + I jE I), 
(19) 
so that the last term in (19) is less than 
c”(1 + I jt l)v+N’ e-d~~d~+~,~l)--l~ = ~“~a(1 + ) jE l)v+N’ (2 + 1 & I)-aA 
which again converges to 0 as j + co, because of (12). 
The estimates (18) and (19) prove (17) and thus establish the implication 
(4 * (4 
Remark. The functions ?j applied in the proof of the implication (c) * (a) 
were used in [2] to prove that condition (a) follows from the existence of a 
fundamental solution for S (with compact support) in the space 3-i. 
Proof of Theorem 2. (a’) 3 (c’). Supp ose that condition (c’) is not satisfied, 
i.e. there exists a distribution u E lok(Y’: 9’) such that S * u E Y’, but u # Y. 
We express this in terms of the Fourier transforms by stating that 
ti E O&Y’: P”), & E Y, but zi 6 Sp. 
As S, zi E O,(Y’: Y’), f or every multi-index 01 there exist integers pal and v, 
such that 
~“%t) = O((1 + I E IP) (20) 
and 
D”zi(t) = O((1 + I f lp), as ItI~~. (21) 
Further, since zi $9, there exist a multi-index 01*, an integer IV*, and a sequence 
{&} C Rn such that I J I -+ co and 
I ~**&E)I 3 I i4 l-N*, j = 1, 2,.... (22) 
We set k = v + N* + 1, where v = maxlal,I v~+~*, and Bj,, = (5 E Rn: 
[ 6 - ,LJ I < (1 + j it I)-“}. Then from (21) and (22) we infer that, for suffi- 
ciently large I’, 
$ I ~“*w)I z I it I-N*/2. (23) 3.B 
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In fact, if [ E Bj,, , we have 
I ~a*w)l b I ~“‘fml - 2(1 + Id I)-” c =yk I D”+a*f441 
1~1-1 ’ 
b I j5 IeN* - C(l + 1 j( I)Y-’ = / j[ IPN* - C(l + I it l)-N*-1, 
where C is a constant. This proves (23) for sufficiently large j. 
But & E 9, and therefore 
SUP I D”(@ (01 = O((1 + I j5 I)-“) 
E%k 
as j- 00, (24) 
for every multi-index 01 and every 1 E R. For, given o! and 13 0, we have 
sup I D”@@ (5)l = SUP I D”(gc) (6 + it) 
gEJ3I.k 111a+1,w-* 
< cx*z suP (1 + I E + jE I)-” 
lgl~(1+l,glr” 
< ca,Z{l + I jk I - (1 + I j5 I)-‘>-‘, 
where C,,, is a constant, and the last term is clearly 0((1 + 1 & I)-2) as j-+ 00. 
We now prove that, for all integers m 3 0 and all I E R, 
sup I ~“%f)I = O((l + I jf I)-“> as i- 00, (25) 
14<m.C~Bj,~ 
which is a contradiction to (a’). 
We first assume that 01* = 0 and use induction with respect to m. The real 
number 1 will always be arbitrary and we shall not repeat this after every esti- 
mate. 
In view of (23) and (24), we have 
suP I 9(f)l < 2(1 + I jit IF’ 
f+.k 
gBpk IW (a 
= 0((1 + I J I-“) as j+ co. 
Thus condition (25) holds for m = 0. 
Suppose now that condition (25) is satisfied for some integer m 3 0 and 
consider a multi-index 01 such that 1 01 1 = m + 1. We apply the Leibniz formula 
and observe that 
SUP 1 Da-s(SLW) (5)l = 0((1 + I jf I)-“) as j-t a, 
gw.k 
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because of (21), (24) and the induction hypothesis. Hence (D”s) a has the same 
property, and so 
by (23) and (24). Thus condition (25) holds when 01* = 0. 
Now assume that 01* # 0 and that OL* is the smallest multi-index for which 
one can find a sequence {&} and a constant N* satisfying condition (22) (and 
hence (23), when j is sufficiently large). This means that, for every 01 such that 
a < 01* and I 011 < / a* I , we have 
Dmfi(t) = O((1 + I 5 I)-“) as ItI-+% 
and therefore 
sup I D”zi(S)I = 0((1 + I 5 I)-“) as j-t co, 
8EBj.k 
by an argument similar to the one used in the proof of (24). Then, applying the 
Leibniz formula 
sD"*ii = B;*(-l)lfll $1 Do*-B(dDBs) 
, 
and conditions (20) and (24), we obtain 
sup l(~D~*ti)(~)\ = 0((1 -t I J I)-") 
@Bj.e 
From (23) and (26) one derives condition (25) in the same way as in the case 
LY* = 0. 
(c’) * (a’) Suppose that condition (a’) is not satisfied. Then there exist 
a position integer k and a sequence (&} C Rn such that I j[ 1 --f co and 
sup I D*s(t)l < I jS I-j, j = 1, 2,.... (27) 
bKi,SEB,,r 
Without restricting the generality we may assume that 
I j5 I > I j-d I + 2, ,i = 2, 3,. . . . (28) 
We choose a Cm-function y such that supp v C B(0, 1) and ~(0) = 1. If 
vj(6) = y[(5 - &I(1 + I J l>-k], then supp vj C Bj,k and &,k n Bj,k = 0 for 
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i # j, because of (28) and the choice of qx We now define 22 by the formula 
%f) = dt> for f E Bj,k 
=o otherwise. 
Then ti is clearly a Cm-function. Moreover, 
w> = v&3 for 6 E Pj = (6: I j-J I + 1 < I f 
because of (28) and 
I - 09 (29) 
(30) 
where C, = supSERn / II”&)/ and xBj L is the characteristic function of Bj,, . 
Hence 
and so zi E U,(Y’: P”). 
Also, when ! (Y I < j and 5 E Pj , we have 
< CJ2 + / E lp? 
where CL = &<a (‘$ C,-, , by (27), (29), and (30). This shows that & E Sp. 
But ti $ Sp, since G(J) = 1 and I J 1 -+ co. We have thus proved that u is a 
distribution in Q(Y’: 9’) such that S * u E Y but u $ ,4a, which is a contra- 
diction to (c’). 
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